Abstract. This paper continues the study of K-theoretic invariants for semigroup C*-algebras attached to ax + b-semigroups over rings of algebraic integers in number fields. We show that from the semigroup C*-algebra together with its canonical commutative subalgebra, it is possible to reconstruct the zeta function of the underlying number field as well as its ideal class group (as a group). In addition, we give an alternative interpretation of this result in terms of dynamical systems.
Introduction
This paper is a sequel to [5] . We continue the study of K-theoretic invariants for semigroup C*-algebras attached to ax + b-semigroups over rings of algebraic integers in number fields.
The K-groups as such have been computed in [2] . The final answer involved the ideal class group of the corresponding number field. However, the class group only appeared as a set. Thus, a natural question is how to recover the group structure.
In [5] , it was shown that given the number of roots of unity, it is possible to recover the Dedekind zeta function of the underlying number field by studying the ideal structure and refined K-theoretic invariants of the corresponding semigroup C*-algebras.
In the present paper, we show that the semigroup C*-algebra together with its canonical commutative subalgebra completely determines the ideal class group. We even provide an explicit way to reconstruct the ideal class group, as a group, from the given C*-algebraic data. In addition, we can recover the zeta function without having to know the number of roots of unity.
Let us make these statements more precise and formulate our main theorem. Let R be the ring of algebraic integers in a number field, and let R ⋊ R × be the ax + bsemigroup over R. The semigroup C*-algebra C * (R⋊R × ) is the concrete C*-algebra of operators on ℓ 2 (R ⋊ R × ) generated by (the isometries from) the left regular representation of R ⋊ R × . The algebra ℓ ∞ (R ⋊ R × ) acts on ℓ 2 (R ⋊ R × ) as well, as multiplication operators, and the canonical commutative subalgebra of C * (R ⋊ R × ) is given by D(R ⋊ R × ) := C * (R ⋊ R × ) ∩ ℓ ∞ (R ⋊ R × ). This intersection is taken in L(ℓ 2 (R⋊R × )). Now let K and L be two number fields with Dedekind zeta functions ζ K and ζ L as well as ideal class groups Cl K and Cl L . Let R and S be the rings of algebraic integers in K and L. We consider the semigroup C*-algebras C * (R ⋊ R × ) and C * (S ⋊ S × ) with their canonical commutative subalgebras D(R ⋊ R × ) and D(S ⋊ S × ), respectively. Here is our main result:
In the proof of this result, we will explicitly reconstruct the ideal class group as a group from a C*-isomorphism preserving the commutative subalgebras.
Two number fields with the same zeta function are called arithmetically equivalent (see [7] ). There are examples of arithmetically equivalent number fields which have different class numbers (see [3] ). Therefore, the conclusion in Theorem 1.1 is really stronger than in [5, Theorem 1.1]. But of course, the assumption in our present theorem is stronger as well: We ask for an isomorphism of semigroup C*-algebras which identifies the canonical commutative subalgebras. It turns out that for any ring of algebraic integers R, the pair (C * (R ⋊ R × ), D(R ⋊ R × )) is a Cartan pair, in the sense of [9] . With this observation in mind, we can now give an alternative interpretation of Theorem 1.1 in terms of dynamical systems.
As explained in [1] , given the ring of algebraic integers R in a number field K, the semigroup C*-algebra C * (R ⋊ R × ) is canonically isomorphic to a full corner of the crossed product
Here Ω(K) is given as follows: Let A f,K be the finite adele ring over K, and letR be the subring of finite integral adeles. We define an equivalence relation on
Now suppose that G X and H Y are two topological dynamical systems consisting of discrete groups G and H acting on locally compact Hausdorff spaces X and Y via homeomorphisms. We denote the actions by G × X → X, (g, x) → g.x and H × Y → Y, (h, y) → h.y. We say that G X and H Y are continuously orbit equivalent if there exists a homeomorphism ϕ : X ∼ = −→ Y and continuous maps a : G × X → H and b : H × Y → G such that ϕ(g.x) = a(g, x).ϕ(x) and ϕ −1 (h.y) = φ(h, y).ϕ −1 (y) for all g ∈ G, h ∈ H, x ∈ X and y ∈ Y . We refer the reader to [6] for more information about continuous orbit equivalence.
With these notations, here is the alternative interpretation of Theorem 1.1:
Our proofs of both theorems use C*-algebraic techniques, in particular K-theory. It would be interesting to find a number-theoretic explanation for Theorem 1.2. Moreover, the following natural question is left open: Do there exist number fields K and L which are not isomorphic, but for which K ⋊K × Ω(K) and L⋊L × Ω(L) are continuously orbit equivalent?
2. K-theoretic invariants for semigroup C*-algebras and their commutative subalgebras
Let us briefly recall the construction of semigroup C*-algebras. Let P be a left cancellative semigroup, and let {δ x : x ∈ P } be the canonical orthonormal basis of ℓ 2 P . For p ∈ P , let V p be the isometry given by V p :
Now let R be the ring of algebraic integers in a number field K, and let P = R ⋊ R × be the ax + b-semigroup over R. As a set, R ⋊ R × is given by the direct product R×R × , and multiplication is given by (b, a)(d, c) = (b+ad, ac). We write
Following the notation in [5] , let E (r+I)×I × , for r ∈ R and (0) = I ⊳ R, be the multiplication operator of the characteristic function
We abbreviate e r+I := E (r+I)×I × . As observed in [5] , every primitive ideal of C * (R ⋊ R × ) is of the form
for a collection F of prime ideals of R. Note that by convention, a prime ideal (of R) is always nonzero.
For the sake of brevity, set
) and write π F for the canonical projection ∆ ։ ∆/∆ F . For F = ∅, we set D F := (0) and ∆ F = {0}. Let Cl be the class group of K. Given a collection F of prime ideals of R, let Cl F be the subgroup of Cl given by {[p]: p ∈ F } ⊆ Cl, where Cl ∅ is the trivial subgroup. The following is the crucial technical result of this paper:
Proposition 2.1. Let F be a finite collection of prime ideals p of R with p ∤ 2. Moreover, there are ideals a F,i of R with
We will prove this proposition by induction on |F |. For the induction step, we need a bit of preparation. From [2] (see also [5] ), we obtain a canonical identification ∆ ∼ = Z[Cl] as abelian groups. Every prime ideal p induces a homomorphism p * :
Proof. By [4] and the construction of D F , we know that
Since span( e x+a − r∈a/pa e x+r+pa : x ∈ R, (0) = a ⊳ R, p ∈ F ) is multiplicatively closed, we conclude that
Moreover, let M F be the multiplicatively closed set of projections in D F generated by S F , and set [
, we show that for all a and b in S F , we have [ab] ∈ Z-span([S F ]). Let a = e x+a − r e x+r+pa , b = e y+b − s e y+s+qb . Without loss of generality, we may assume e x+a e y+b = 0, i.e., (x+a)∩(y+b) = ∅. Replacing x and y by z ∈ (x+a)∩(y+b), we may assume without loss of generality that x = y. And since S F is invariant under the additive action of R, we may further assume x = y = 0. So a = e a − r e r+pa and b = e b − s e s+qb . As 
Proof. Let f i := e i − N i e i+1 for 1 ≤ i ≤ n − 1 and f n := e n . Obviously, {f i } 1≤i≤n forms a Z/dZ-basis of
Zf n since we obviously have f i ∈ Im (α), and if α( i m i e i ) = me n , then Therefore,
After these preparations, we are ready for the proof of our proposition.
Proof of Proposition 2.1. As we mentioned obove, we proceed inductively on |F |. The case F = ∅ is just the canonical identification ∆ ∼ = Z[Cl] from [2] (see also [5] ). Now let us assume that we know our assumption for F m = {p 1 , . 
. This automorphism commutes with id − M p for every p ∈ {p 1 , . . . , p m }, so it induces an automorphism of ∆/∆ m sending 
As this induced automorphism also commutes with id
Therefore, we can apply Lemma 2. m+1 a m,j,k ) . This concludes the proof of our proposition.
A completely analogous argument yields
Note that here, p is an arbitrary prime ideal (not necessarily with the property p ∤ 2).
Reconstruction of norms and class groups
We keep the notation from the previous section. The following lemma explains why it is enough to consider the prime ideals p of R with p ∤ 2, as we did in Proposition 2.1.
Proof. Let {q i } = {p: (0) = p ⊳ R prime ideal, p | 2}, and choose q ∈ {q i }. By Strong Approximation, there exists x in K × such that v q (x) = 1 and v q i (x) = 0 for all
Given a natural number n ≥ 1 with prime factorization n = p p vp , we write (n) p = p vp , or simply n p = p vp . Moreover, given a subgroup H of a group G, we write [G : H] for the cardinality of the set of left cosets G/H. The following purely group-theoretic fact will allow us to reconstruct the class group. 
Proof. There exists a decreasing sequence of natural numbers
We proceed inductively on j. The induction starts with j = 1. In this case, our claim is obviously true. To go from j to j + 1, choose c 1 ∈ C such that (# c 1 ) p = p n 1 . Such an element always exists because C generates C. Now set C ′ := C/ c 1 ,
Z/p n i Z. Now we can just apply the induction hypothesis to C ′ , using that c 1 , . . . ,
We are now ready for the proof of our main result.
Theorem (Theorem 1.1). Let K and L be two number fields with rings of algebraic integers R and S. If there exists an isomorphism
, then K and L are arithmetically equivalent, and their class groups are isomorphic (as abelian groups), i.e.,
Proof. We just have to show how to read off {N (p): (0) = p ⊳ R prime ideal} and
For the norms, consider the minimal nonzero primitive ideals of C * (R ⋊ R × ). By [5, Theorem 4.1], these are of the form I {p} , (0) = p ⊳ R prime ideal. Consider the canonical inclusions
and the induced homomorphisms (ι {p} ) * and i * in At the same time, we see that by looking at K-theory, we can distinguish between I {p} for p | 2 and I {p} for p ∤ 2 by checking whether 2 divides N (p) or not. Using this observation, we can now read off the class group
. Consider all the nonzero primitive ideals of C * (R ⋊ R × ) which only contain finitely many nonzero primitive ideals but do not contain an ideal of the form I {p} for p | 2. These ideals are of the form I F , where F is a non-empty, finite subset of {p: (0) = p ⊳ R prime ideal, p ∤ 2}. This follows from [4] using analogous arguments as in [5, § 3] . Again, consider the canonical inclusions
and the induced homomorphisms (ι F ) * and i * in K 0 . By Proposition 2.1, the quotient 
(C generates Cl K by Lemma 3.1). As a conclusion, we can extract (the isomorphism type of)
Remark 3.3. Compared with the proof of the main result in [5] , the proof of our main theorem is much cleaner: We do not need to know the number of roots of unity in advance, and we are able to extract all the norms, not only those up to a finite set of exceptions as in [5] .
Alternative interpretation in terms of dynamical systems
In the following, we give an alternative interpretation of Theorem 1.1 in terms of dynamical systems which are constructed as follows: Given a number field K with ring of algebraic integers R, let A f,K be the finite adele ring of K, and letR be the subring of finite integral adeles in A f,K . We define an equivalence relation on
Here we use addition and multiplication in A f,K and view K andR as subrings of A f,K in the canonical way. This dynamical
Let Ω(R) be the set [b, a] ∈ Ω(K): b, a ∈R . It is easy to see that Ω(R) is a clopen subspace of Ω (K) . As observed in [1,
Here we denote by the U the canonical unitaries in the multiplier algebra of the crossed product implementing the (dual) action
Moreover, recall the notion of continuous orbit equivalence from the introduction: Let G X and H Y be two topological dynamical systems consisting of discrete groups G and H acting on locally compact Hausdorff spaces X and Y via homeomorphisms. We denote the actions by G × X → X, (g, x) → g. .ϕ(x) and ϕ −1 (h.y) = b(h, y).ϕ −1 (y) for all g ∈ G, h ∈ H, x ∈ X and y ∈ Y .
Our goal now is to prove Now, [4] tells us that every nonzero primitive ideal of C 0 (Ω(K)) ⋊ (K ⋊ K × ) is of the form
where F is a collection of prime ideals of R and π p is a finite adele with v p (π p ) = 1 and v q (π p ) = 0 for all q = p (v q is the valuation corresponding to q). The connection betweenĪ F and the ideals I F introduced in § 2 is given by the observation that I F ∼ = 1 Ω(R)ĪF 1 Ω(R) under the canonical isomorphism C * (R ⋊ R × ) ∼ = 1 Ω(R) (C 0 (Ω(K)) ⋊ (K ⋊ K × )) 1 Ω(R) .
This canonical isomorphism gives rise to a canonical embedding j : C * (R ⋊ R × ) ֒→ C 0 (Ω(K)) ⋊ (K ⋊ K × ). Let j F : I F →Ī F be the restriction of j to I F . Moreover, we introduce the following notation, as before: SetD := C 0 (Ω(K)). For every subset F of prime ideals of R, setD F :=Ī F ∩D, and letῑ F :D F ֒→D,ī :D ֒→ C 0 (Ω(K)) ⋊ (K ⋊ K × ) be the canonical embeddings. We denote the induced homomorphisms in
